Introduction {#Sec1}
============

Functions with values in a (nonlinear) subset of a vector space appear in several applications of imaging and in inverse problems, e.g.,*Interferometric Synthetic Aperture Radar (InSAR)* is a technique used in remote sensing and geodesy to generate, for example, digital elevation maps of the earth's surface. InSAR images represent phase differences of waves between two or more SAR images, cf. \[[@CR44], [@CR53]\]. Therefore, InSAR data are functions $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^2$$\end{document}$.A *color image* can be represented as a function in *HSV* space (hue, saturation, value) (see, e.g., \[[@CR48]\]). Color images are then described as functions $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^2$$\end{document}$, the image domain, and *K* (representing the HSV space) is a cone in three-dimensional space $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^3$$\end{document}$.Estimation of the *foliage angle distribution* has been considered, for instance, in \[[@CR39], [@CR51]\]. Therefore, the imaging function is from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega \subset {\mathbb {R}}^2$$\end{document}$, a part of the Earth's surface, into $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {S}^2 \subseteq {\mathbb {R}}^3$$\end{document}$, representing foliage angle orientation.Estimation of functions with values in $\documentclass[12pt]{minimal}
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                \begin{document}$$SO(3) \subseteq {\mathbb {R}}^{3 \times 3}$$\end{document}$. Such problems appear in *Cryo-Electron Microscopy* (see, for instance, \[[@CR38], [@CR58], [@CR61]\]).We emphasize that we are analyzing *vector*-, *matrix*-, *tensor*- *valued* functions, where pointwise function evaluations belong to some given (sub)set, but are always *elements* of the underlying vector space. This should not be confused with set-valued functions, where every function evaluation can be a set.

Inverse problems and imaging tasks, such as the ones mentioned above, might be unstable, or even worse, the solution could be ambiguous. Therefore, numerical algorithms for imaging need to be *regularizing* to obtain approximations of the desired solution in a stable manner. Consider the operator equationwhere we assume that only (noisy) measurement data $\documentclass[12pt]{minimal}
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                \begin{document}$$v^0$$\end{document}$ become available. In this paper the method of choice is *variational regularization* which consists in calculating a minimizer of the variational regularization functionalHere*w* is an element of the *set* of admissible functions.is an operator modeling the image formation process (except the noise).$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {D}$$\end{document}$ is called the *data* or *fidelity term*, which is used to compare a pair of data in the image domain, that is to quantify the difference of the two data sets.$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {R}$$\end{document}$ is called *regularization functional*, which is used to impose certain properties onto a minimizer of the regularization functional $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha > 0$$\end{document}$ is called *regularization parameter* and provides a trade off between stability and approximation properties of the minimizer of the regularization functional $\documentclass[12pt]{minimal}
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                \begin{document}$$v^\delta $$\end{document}$ denotes measurement data, which we consider noisy.$\documentclass[12pt]{minimal}
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                \begin{document}$$v^0$$\end{document}$ denotes the exact data, which we assume to be not necessarily available.The main objective of this paper is to introduce a general class of regularization functionals for functions with values in a set of vectors. In order to motivate our proposed class of regularization functionals, we review a class of regularization functionals appropriate for analyzing *intensity data*.

Variational Regularization for Reconstruction of Intensity Data {#Sec2}
---------------------------------------------------------------

Opposite to what we consider in the present paper, most commonly, imaging data *v* and admissible functions *w*, respectively, are considered to be representable as *intensity functions*. That is, they are functions from some subset $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$ of an Euclidean space with *real values*.

In such a situation, the most widely used regularization functionals use regularization terms consisting of powers of Sobolev (see \[[@CR12], [@CR15], [@CR16]\]) or total variation semi-norms \[[@CR54]\]. It is common to speak about *Tikhonov regularization* (see, for instance, \[[@CR59]\]) when the data term and the regularization functional are squared Hilbert space norms, respectively. For the *Rudin, Osher, Fatemi (ROF)* regularization \[[@CR54]\], also known as total variation regularization, the data term is the squared $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {R}(w) = |w|_{TV}$$\end{document}$ is the total variation semi-norm. Nonlocal regularization operators based on the generalized nonlocal gradient are used in \[[@CR35]\].

Other widely used regularization functionals are *sparsity promoting* \[[@CR22], [@CR41]\], *Besov space norms* \[[@CR42], [@CR46]\] and anisotropic regularization norms \[[@CR47], [@CR56]\]. Aside from various regularization terms, there also have been proposed different fidelity terms other than quadratic norm fidelities, like the *p*-th powers of $\documentclass[12pt]{minimal}
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                \begin{document}$$L^p$$\end{document}$-norms of the differences of *F*(*w*) and *v* , \[[@CR55], [@CR57]\], maximum entropy \[[@CR26], [@CR28]\] and Kullback--Leibler divergence \[[@CR52]\] (see \[[@CR50]\] for some reference work).

Our work utilizes results from the seminal paper of Bourgain, Brézis and Mironescu \[[@CR14]\], which provides an equivalent *derivative-free* characterization of Sobolev spaces and the space , the space of functions of bounded total variation, which consequently, in this context, was analyzed in Dávila and Ponce \[[@CR23], [@CR49]\], respectively. It is shown in \[[@CR14], Theorems 2 and 3'\] and \[[@CR23], Theorem 1\] that when $\documentclass[12pt]{minimal}
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                \begin{document}$$(\rho _\varepsilon )_{\varepsilon > 0}$$\end{document}$ is a suitable sequence of nonnegative, radially symmetric, radially decreasing mollifiers, thenHence, $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{{\mathcal {R}}}_\varepsilon $$\end{document}$ approximates powers of Sobolev semi-norms and the total variation semi-norm, respectively. Variational imaging, consisting in minimization of $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{{\mathcal {R}}}_\varepsilon $$\end{document}$, has been considered in \[[@CR3], [@CR11]\].

Regularization of Functions with Values in a Set of Vectors {#Sec3}
-----------------------------------------------------------

In this paper we generalize the derivative-free characterization of Sobolev spaces and functions of bounded variation to functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u:\Omega \rightarrow K$$\end{document}$, where *K* is some set of vectors, and use these functionals for variational regularization. The applications we have in mind contain that *K* is a closed subset of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^M$$\end{document}$ (for instance, HSV data) with nonzero measure, or that *K* is a submanifold (for instance, InSAR data).

The reconstruction of manifold-valued data with variational regularization methods has already been subject to intensive research (see, for instance, \[[@CR4], [@CR17]--[@CR19], [@CR40], [@CR62]\]). The variational approaches mentioned above use regularization and fidelity functionals based on Sobolev and TV semi-norms: a total variation regularizer for cyclic data on $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {S}}^1$$\end{document}$ was introduced in \[[@CR18], [@CR19]\], see also \[[@CR7], [@CR9], [@CR10]\]. In \[[@CR4], [@CR6]\] combined first- and second-order differences and derivatives were used for regularization to restore manifold-valued data. The later mentioned papers, however, are formulated in a finite-dimensional setting, opposed to ours, which is considered in an infinite-dimensional setting. Algorithms for total variation minimization problems, including half-quadratic minimization and nonlocal patch-based methods, are given, for example, in \[[@CR4], [@CR5], [@CR8]\] as well as in \[[@CR37], [@CR43]\]. On the theoretical side the total variation of functions with values in a manifold was investigated by Giaquinta and Mucci using the theory of Cartesian currents in \[[@CR33], [@CR34]\], and earlier \[[@CR32]\] if the manifold is $\documentclass[12pt]{minimal}
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Content and Particular Achievements of the Paper {#Sec4}
------------------------------------------------

The contribution of this paper is to introduce and analytically analyze double integral regularization functionals for reconstructing functions with values in a set of vectors, generalizing functionals of the form Eq. [1.3](#Equ3){ref-type=""}. Moreover, we develop and analyze fidelity terms for comparing manifold-valued data. Summing these two terms provides a new class of regularization functionals of the form Eq. [1.2](#Equ2){ref-type=""} for reconstructing manifold-valued data.

When analyzing our functionals, we encounter several differences to existing regularization theory (compare Sect. [2](#Sec5){ref-type="sec"}):(i)The *admissible functions*, where we minimize the regularization functional on, do form only a *set* but *not* a *linear* space. As a consequence, well-posedness of the variational method (that is, existence of a minimizer of the energy functional) cannot directly be proven by applying standard direct methods in the Calculus of Variations \[[@CR20], [@CR21]\].(ii)The regularization functionals are defined via metrics and not norms, see Sect. [3](#Sec6){ref-type="sec"}.(iii)In general, the fidelity terms are *non-convex*. Stability and convergence results are proven in Sect. [4](#Sec8){ref-type="sec"}.The model is validated in Sect. [6](#Sec12){ref-type="sec"} where we present numerical results for denoising and inpainting of data of InSAR type.

Setting {#Sec5}
=======

In the following we introduce the basic notation and the set of admissible functions which we are regularizing on.

Assumption 2.1 {#FPar1}
--------------
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega _i$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K_i$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_i$$\end{document}$, for either $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1,2$$\end{document}$. In the following we will often omit the subscript indices whenever possible.

Example 2.2 {#FPar2}
-----------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\rho } \in C_c^\infty ({\mathbb {R}},{\mathbb {R}}_+)$$\end{document}$ be symmetric at 0, monotonically decreasing on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[0, \infty )$$\end{document}$ and satisfy$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left| \mathbb {S}^{N-1}\right| \int _0^\infty \hat{t}^{N-1} \hat{\rho }\left( \hat{t}\right) \mathrm{d} \hat{t} = 1. \end{aligned}$$\end{document}$$Defining mappings $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _\varepsilon : {\mathbb {R}}^N \rightarrow {\mathbb {R}}$$\end{document}$ byconstitutes then a family $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\rho _\varepsilon )_{\varepsilon > 0}$$\end{document}$ which fulfills the above properties (i)--(v). Note here thatby substitution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x = t \theta $$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t > 0, \theta \in \mathbb {S}^{N-1}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{t}=\frac{t}{\varepsilon }$$\end{document}$, Here, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\theta $$\end{document}$ refers to the canonical spherical measure.Again by the same substitutions, taking into account that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\rho }$$\end{document}$ has compact support, it follows for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon > 0$$\end{document}$ sufficiently small that

In the following we write down the basic spaces and sets, which will be used in the course of the paper.

Definition 2.3 {#FPar3}
--------------

The *Lebesgue--Bochner space* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^M$$\end{document}$-valued functions on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega $$\end{document}$ consists of the set which is associated with the norm , given byLet $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0< s < 1$$\end{document}$. Then the *fractional Sobolev space* of order *s* can be defined (cf. \[[@CR1]\]) as the set equipped with the norm where is the semi-norm for , given byFor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s = 1$$\end{document}$ the Sobolev space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W^{1,p}(\Omega , {\mathbb {R}}^M)$$\end{document}$ consists of all weakly differentiable functions in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^1(\Omega ,{\mathbb {R}}^M)$$\end{document}$ for which where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nabla w$$\end{document}$ is the weak Jacobian of *w*.Moreover, we recall one possible definition of the space from \[[@CR2]\], which consists of all Lebesgue--Borel measurable functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w:\Omega \rightarrow {\mathbb {R}}^M$$\end{document}$ for which where where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left\| \varphi (x)\right\| _F$$\end{document}$ is the Frobenius-norm of the matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi (x)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text {Div}\varphi = (\text {div} \varphi _1, \dots , \text {div} \varphi _M)^\text {T}$$\end{document}$ denotes the row--wise formed divergence of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi $$\end{document}$.

Lemma 2.4 {#FPar4}
---------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0 < s \le 1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p \in [1,\infty )$$\end{document}$, then and the embedding is compact. Moreover, the embedding is compact for all$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 1 \le p < 1^* :={\left\{ \begin{array}{ll} +\infty &{}\text{ if } N = 1 \\ \frac{N}{N-1} &{}\text{ otherwise } \end{array}\right. }. \end{aligned}$$\end{document}$$

Proof {#FPar5}
-----

The first result can be found in \[[@CR24]\] for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0< s < 1$$\end{document}$ and in \[[@CR29]\] for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s = 1$$\end{document}$. The second assertion is stated in \[[@CR2]\]. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Remark 2.5 {#FPar6}
----------

Let Assumption [2.1](#FPar1){ref-type="sec"} hold. We recall some basic properties of weak convergence in , $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W^{1,p}(\Omega , {\mathbb {R}}^M)$$\end{document}$ and weak\* convergence in (see, for instance, \[[@CR1], [@CR2]\]):Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p > 1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\in (0,1]$$\end{document}$ and assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(w_n)_{n \in {\mathbb {N}}}$$\end{document}$ is bounded in . Then there exists a subsequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(w_{n_k})_{k \in {\mathbb {N}}}$$\end{document}$ which converges weakly in .Assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(w_n)_{n \in {\mathbb {N}}}$$\end{document}$ is bounded in . Then there exists a subsequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(w_{n_k})_{k \in {\mathbb {N}}}$$\end{document}$ which converges weakly\* in .

Before introducing the regularization functional, which we investigate theoretically and numerically, we give the definition of some sets of (equivalence classes of) admissible functions.

Definition 2.6 {#FPar7}
--------------

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0 < s \le 1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p \ge 1$$\end{document}$ and a nonempty closed subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K \subseteq {\mathbb {R}}^M$$\end{document}$, we defineand equip each of these (in general nonlinear) sets with some subspace topology:is associated with the strong -topology,is associated with the weak -topology, andis associated with the weak\* -topology.Moreover, we defineConsistently, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W(\Omega ,K)$$\end{document}$is associated with the weak -topology in the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p \in (1, \infty )$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s \in (0,1]$$\end{document}$ andwith the weak\* -topology when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p=1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s=1$$\end{document}$.When we speak aboutand mean weak convergence on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W^{s,p}(\Omega ,K)$$\end{document}$ and weak\* convergence on , respectively.

Remark 2.7 {#FPar8}
----------

In general and are sets which do not form a linear space.If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K = {\mathbb {S}}^1$$\end{document}$, then as occurred in \[[@CR13]\].For an embedded manifold *K*, the dimension of the manifold is not necessarily identical with the space dimension of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^M$$\end{document}$. For instance, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K = {\mathbb {S}}^1\subseteq {\mathbb {R}}^2$$\end{document}$, then the dimension of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {S}}^1$$\end{document}$ is 1 and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M=2$$\end{document}$.

The following lemma shows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W(\Omega ,K)$$\end{document}$ is a sequentially closed subset of .

Lemma 2.8 {#FPar9}
---------

(Sequential closedness of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{W}}({{\Omega }},{{K}})$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{L}}^{{{p}}}({{\Omega }}, {{K}})$$\end{document}$)(i)Let and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(w_n)_{n\in {\mathbb {N}}}$$\end{document}$ be a sequence in with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_n \overset{W(\Omega , {\mathbb {R}}^M)}{\longrightarrow } w_*$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \rightarrow \infty $$\end{document}$. Then and in .(ii)Let and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(v_n)_{n \in {\mathbb {N}}}$$\end{document}$ be a sequence in with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_n \rightarrow v_*$$\end{document}$ in as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \rightarrow \infty $$\end{document}$. Then and there is some subsequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(v_{n_k})_{k \in {\mathbb {N}}}$$\end{document}$ which converges to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_*$$\end{document}$ pointwise almost everywhere, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_{n_k}(x) \rightarrow v_*(x)$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \rightarrow \infty $$\end{document}$ for almost every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in \Omega $$\end{document}$.

Proof {#FPar10}
-----

For the proof of the second part, cf. \[[@CR27]\], Chapter VI, Corollary 2.7, take into account the closedness of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K \subseteq {\mathbb {R}}^M$$\end{document}$. The proof of the first part follows from standard convergence arguments in , and , respectively, using the embeddings from Lemma [2.4](#FPar4){ref-type="sec"}, an argument on subsequences and part two. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Remark 2.9 {#FPar11}
----------

Lemma [2.4](#FPar4){ref-type="sec"} along with Lemma [2.8](#FPar9){ref-type="sec"} imply that is compactly embedded in , where these sets are equipped with the bornology inherited from and the topology inherited from , respectively.

In the following we postulate the assumptions on the operator which will be used throughout the paper:

Assumption 2.10 {#FPar12}
---------------

Let be as in Eq. [2.5](#Equ8){ref-type=""} and assume that is an operator from to .

We continue with the definition of our regularization functionals:

Definition 2.11 {#FPar13}
---------------

Let Assumptions [2.1](#FPar1){ref-type="sec"} and [2.10](#FPar12){ref-type="sec"} hold. Moreover, let $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\rho :=\rho _\varepsilon $$\end{document}$ be a mollifier.

The regularization functional is defined as followswhere(i),(ii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$$\alpha \in (0, +\infty )$$\end{document}$ is the regularization parameter,(iv)$\documentclass[12pt]{minimal}
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                \begin{document}$$l \in \left\{ 0, 1\right\} $$\end{document}$ is an indicator and(v)$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\left\{ \begin{array}{ll} k \le N &{}\text{ if } W (\Omega _1, K_1) = W^{s,p_1}(\Omega _1, K_1), \ 0{<}s{<}1, \\ k=0 &{} \text{ if } W (\Omega _1, K_1) = W^{1,p_1}(\Omega _1, K_1)\text { or if }\\ &{}\quad W (\Omega _1, K_1) = BV(\Omega _1, K_1), \text { respectively.} \end{array}\right. }$$\end{document}$SettingandEquation [2.6](#Equ9){ref-type=""} can be expressed in compact formFor convenience we will often skip some of the super- or subscript and use compact notations like, e.g.,

Remark 2.12 {#FPar14}
-----------
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In the following we state basic properties of and the functional .

Proposition 2.13 {#FPar15}
----------------

Let Assumption [2.1](#FPar1){ref-type="sec"} hold.(i)Then the mapping   satisfies the metric axioms.(ii)Let, in addition, Assumption [2.10](#FPar12){ref-type="sec"} hold, assume that and that both metrics $\documentclass[12pt]{minimal}
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Proof {#FPar16}
-----
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Existence {#Sec6}
=========

In order to prove existence of a minimizer of the functional , we apply the direct method in the Calculus of Variations (see, e.g., \[[@CR20], [@CR21]\]). To this end we verify continuity properties of and , resp. and apply them along with the sequential closedness of , already proven in Lemma [2.8](#FPar9){ref-type="sec"}.

In this context we point out some setting assumptions and their consequences on , resp. and $\documentclass[12pt]{minimal}
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Remark 3.1 {#FPar17}
----------

The continuity of with respect to guarantees lower semicontinuity of and .The inequality carries over to the inequalities for all , and for all , allowing to transfer properties like coercivity from to . Moreover, the extended real-valued metric space stays related to the linear space in terms of the topology and bornology induced by , resp. those inherited by .The closedness of $\documentclass[12pt]{minimal}
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We will use the following assumption:

Assumption 3.2 {#FPar18}
--------------

Let Assumption [2.1](#FPar1){ref-type="sec"} hold, and let and the associated topology be as defined in Eq. [2.5](#Equ8){ref-type=""}.

In addition we assume:is well defined and sequentially continuous with respect to the specified topology on andFor every $\documentclass[12pt]{minimal}
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Remark 3.3 {#FPar19}
----------

The third condition is sufficient to guarantee . In contrast, the condition , cf. Definition [2.11](#FPar13){ref-type="sec"}, might not be sufficient if $\documentclass[12pt]{minimal}
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Lemma 3.4 {#FPar20}
---------

Let Assumption [3.2](#FPar18){ref-type="sec"} hold. Then the mappings , and have the following continuity properties:(i)The mapping is sequentially lower semi-continuous, i.e., whenever sequences , in converge to and , respectively, we have .(ii)The functional is sequentially lower semi-continuous, i.e., whenever a sequence $\documentclass[12pt]{minimal}
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Proof {#FPar21}
-----
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Existence of Minimizers {#Sec7}
-----------------------

The proof of the existence of a minimizer of is along the lines of the proof in \[[@CR55]\], taking into account Remark [3.1](#FPar17){ref-type="sec"}. We will need the following useful lemma, cf. \[[@CR55]\], which links and for .

### Lemma 3.5 {#FPar22}
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### Proof {#FPar23}
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### Theorem 3.6 {#FPar24}

Let Assumption [3.2](#FPar18){ref-type="sec"} hold. Then the functional attains a minimizer.

### Proof {#FPar25}

We prove the existence of a minimizer via the direct method. We shortly write for . Let $\documentclass[12pt]{minimal}
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In the following we investigate two examples, which are relevant for the numerical examples in Sect. [6](#Sec12){ref-type="sec"}.

### Example 3.7 {#FPar26}
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The second example concerns the coercivity of , defined in Eq. [2.9](#Equ12){ref-type=""}, when denotes the *masking operator* occurring in image inpainting. To prove this result, we require the following auxiliary lemma:

### Lemma 3.8 {#FPar27}
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### Proof {#FPar28}

The proof is inspired by the proof of Poincaré's inequality in \[[@CR29]\]. It is included here for the sake of completeness.
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### Remark 3.9 {#FPar29}
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### Example 3.10 {#FPar30}

As in Example [3.7](#FPar26){ref-type="sec"}, we consider that $\documentclass[12pt]{minimal}
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Stability and Convergence {#Sec8}
=========================

In this section we will first show a stability and afterwards a convergence result. We use the notation introduced in Sect. [2](#Sec5){ref-type="sec"}. In particular, $\documentclass[12pt]{minimal}
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Theorem 4.1 {#FPar31}
-----------
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The subsequent proof of Theorem [4.1](#FPar31){ref-type="sec"} is similar to the proof of \[[@CR55], Theorem 3.23\].

Proof {#FPar32}
-----

For the ease of notation, we simply write instead of and .
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Before proving the next theorem, we need the following definition, cf. \[[@CR55]\].

Definition 4.2 {#FPar33}
--------------
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The following theorem and its proof are inspired by \[[@CR55], Theorem 3.26\].

Theorem 4.3 {#FPar34}
-----------

Let Assumption [3.2](#FPar18){ref-type="sec"} be satisfied. Let there exist an $\documentclass[12pt]{minimal}
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Then every sequence of minimizershas a converging subsequence as $\documentclass[12pt]{minimal}
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Proof {#FPar35}
-----

We write shortly for . Taking into account that it follows thatyielding as . The triangle inequality gives as and Remark [3.1](#FPar17){ref-type="sec"} ensures as , so thatSincewe also getSet $\documentclass[12pt]{minimal}
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Remark 4.4 {#FPar36}
----------
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Discussion of the Results and Conjectures {#Sec9}
=========================================

In this section we summarize some open problems related to double integral expressions of functions with values on manifolds.

Relation to Single Integral Representations {#Sec10}
-------------------------------------------
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Then from Eq. [5.4](#Equ32){ref-type=""} it follows thatThe previous calculations show that the double integral simplifies to a double integral where the inner integration domain has one dimension less than the original integral. Under certain assumption the integration domain can be further simplified:

### Example 5.1 {#FPar37}
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From these considerations we can view as functionals, which generalize Sobolev and $\documentclass[12pt]{minimal}
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A Conjecture on Sobolev Semi-norms {#Sec11}
----------------------------------
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Numerical Examples {#Sec12}
==================

In this section we present some numerical examples for denoising and inpainting of functions with values on the circle $\documentclass[12pt]{minimal}
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------------------------------------------------------------------------------
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### Lemma 6.1 {#FPar38}
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Forwe consider the functional (note that by simplification of notation below $\documentclass[12pt]{minimal}
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### Remark 6.2 {#FPar39}
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We summarize a few results: The first lemma follows from elementary calculations:

### Lemma 6.3 {#FPar40}
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### Lemma 6.4 {#FPar41}

Let . Then .

### Proof {#FPar42}
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Below we show that is finite on .

### Lemma 6.5 {#FPar43}
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### Proof {#FPar44}

Let . Then by Lemma [6.4](#FPar41){ref-type="sec"} we have that . Therefore, from Lemma [6.3](#FPar40){ref-type="sec"} and Proposition [2.13](#FPar15){ref-type="sec"} item (ii) it follows that . Hence, by definition, . $\documentclass[12pt]{minimal}
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Setting of Numerical Examples {#Sec14}
-----------------------------

In all numerical examples presented, we use a simplified setting with$$\documentclass[12pt]{minimal}
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Regularization Functionals {#Sec15}
--------------------------

Let and be as defined in Eqs. [6.3](#Equ42){ref-type=""} and [6.4](#Equ43){ref-type=""}, respectively. In what follows, we consider the following regularization functionalon and the lifted variantover the space (as in Sect. [6.1](#Sec13){ref-type="sec"}), where $\documentclass[12pt]{minimal}
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### Lemma 6.6 {#FPar45}
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### Proof {#FPar46}

Let . Then by Lemma [6.4](#FPar41){ref-type="sec"} we have that . As arguing as in the proof of Lemma [6.5](#FPar43){ref-type="sec"}, we see that .
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Numerical Minimization {#Sec16}
----------------------

In our concrete examples, we will consider two different operators . For numerical minimization we consider the functional from Eq. [6.6](#Equ45){ref-type=""} in a discretized setting. For this purpose, we approximate the functions $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {S}}^1$$\end{document}$-Valued Functions: The InSAR Problem {#Sec17}
------------------------------------------------------------------------------------------------------

In this case the operator is the inclusion operator. It is norm-coercive in the sense of Eq. [3.4](#Equ16){ref-type=""} and hence Assumption [3.2](#FPar18){ref-type="sec"} is fulfilled. For $\documentclass[12pt]{minimal}
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In the examples we will just consider the continuous approximation again denoted by *u*.

One-Dimensional Test Case {#Sec18}
-------------------------
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For the discrete approximation shown in Fig. [2](#Fig2){ref-type="fig"}a, the domain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega $$\end{document}$ is sampled equally at 100 points. *u* is affected by an additive white Gaussian noise with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma = 0.1$$\end{document}$ to obtain the noisy signal which is colored in blue in Fig. [2](#Fig2){ref-type="fig"}a.Fig. 3Left to right: original data (black) and noisy data (blue) sampled at 100 data points. Denoised data (red) where we chose $\documentclass[12pt]{minimal}
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In this experiment we show the influence of the parameters *s* and *p*. In all cases the choice of the regularization parameter $\documentclass[12pt]{minimal}
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The red signal in Fig. [2](#Fig2){ref-type="fig"}b is obtained by choosing $\documentclass[12pt]{minimal}
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                \begin{document}$$p = 1.1$$\end{document}$. We see that the periodicity of the signal is handled correctly and that there is nearly no staircasing. In Fig. [2](#Fig2){ref-type="fig"}c the parameter *s* is changed from 0.1 to 0.6. The value of the parameter *p* stays fixed. Increasing of *s* leads the signal to be more smooth. We can observe an even stronger similar effect when increasing *p* (here from 1.1 to 2) and letting *s* fixed, see Fig. [2](#Fig2){ref-type="fig"}d. This fits the expectation since *s* only appears once in the denominator of the regularizer. At a jump, increasing of *s* leads thus to an increasing of the regularization term. The parameter *p* appears twice in the regularizer. Huge jumps are hence weighted even more.
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As we have seen above, increasing of *s* leads to a more smooth signal. This effect can be compensated by choosing a rather small value of *p*, i.e., $\documentclass[12pt]{minimal}
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Moreover, we have seen that increasing of *p* leads to an even more smooth signal. In Fig. [3](#Fig3){ref-type="fig"}c we choose a quite large value of *p*, $\documentclass[12pt]{minimal}
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                \begin{document}$$s = 0.001$$\end{document}$. Even for this very simple signal, it was not possible to get sharp edges. This is due to the fact that the parameter *p* (but not *s*) additionally weights the height of jumps in the regularizing term.
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-------------------------------------------------------------------------------

Our next example concerned a two-dimensional $\documentclass[12pt]{minimal}
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Fig. 7Left to right. Top to bottom: original image and the noisy data with $\documentclass[12pt]{minimal}
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Fig. 8Left to right, top to bottom: original image and image with masked region. Reconstructed image with parameters $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p=1.1, \ s=0.1, \ \alpha = 2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon = 0.006$$\end{document}$, 2000 steps. TV-reconstructed image

This experiment shows the difference of our regularizer respecting the periodicity of the data in contrast to the classical total variation regularizer. The classical TV minimization is solved using a fixed point iteration (\[[@CR45]\]); for the method see also \[[@CR60]\].

In Fig. [5](#Fig5){ref-type="fig"}a the function *u* can be seen from the top, i.e., the axes correspond to the *i* resp. *j* axis in Fig. [4](#Fig4){ref-type="fig"}. The noisy data are obtained by adding white Gaussian noise with $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon = 0.01$$\end{document}$. We observe significant noise reduction in both cases. However, only in Fig. [5](#Fig5){ref-type="fig"}d the color transitions are handled correctly. This is due to the fact that our regularizer respects the periodicity, i.e., for the functional there is no jump in Fig. [4](#Fig4){ref-type="fig"} since 0 and $\documentclass[12pt]{minimal}
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                \begin{document}$$2\pi $$\end{document}$. Hence, in the TV-denoised image there is a sharp edge in the middle of the image, see Fig. [5](#Fig5){ref-type="fig"}c.

Hue Denoising {#Sec20}
-------------
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In Fig. [6](#Fig6){ref-type="fig"}a we see a part of size $\documentclass[12pt]{minimal}
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                \begin{document}$$70 \times 70$$\end{document}$ of the RGB image "fruits" ([https://homepages.cae.wisc.edu/\~ece533/images/](https://homepages.cae.wisc.edu/%7eece533/images/)).

The corresponding hue data are shown in Fig. [6](#Fig6){ref-type="fig"}b, where we used again the colormap HSV, cf. Fig. [4](#Fig4){ref-type="fig"}. Each pixel value lies, after transformation, in the interval $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma = \sqrt{0.001}$$\end{document}$ is added to obtain a noisy image, see Fig. [6](#Fig6){ref-type="fig"}c.

To obtain the denoised image, in Fig. [6](#Fig6){ref-type="fig"}d we again used the same fixed point iteration, cf. \[[@CR45]\], as before.

We see that the denoised image suffers from artifacts due to the non-consideration of periodicity. The pixel values in the middle of the apple (the red object in the original image) are close to $\documentclass[12pt]{minimal}
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We use this TV-denoised image as starting image to perform the minimization of our energy functional. As parameters we choose $\documentclass[12pt]{minimal}
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Since the cyclic structure is respected, the disturbing artifacts in image in Fig. [6](#Fig6){ref-type="fig"}d are removed correctly. The edges are smoothed due to the high value of *p*, see Fig. [6](#Fig6){ref-type="fig"}e.
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                \begin{document}$${\mathbb {S}}^1$$\end{document}$-Valued Image Inpainting {#Sec21}
------------------------------------------------------------------------------------------

In this case the operator is the inpainting operator, i.e.,where $\documentclass[12pt]{minimal}
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                \begin{document}$$D \subseteq \Omega $$\end{document}$ is the area to be inpainted.

We consider the functionalon .

According to Example [3.10](#FPar30){ref-type="sec"}, the functional is coercive and Assumption [3.2](#FPar18){ref-type="sec"} is satisfied. For $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {S}}^1$$\end{document}$-Valued Image {#Sec22}
-------------------------------------------------------------------------------

As a first inpainting test example, we consider two $\documentclass[12pt]{minimal}
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                \begin{document}$$28 \times 28$$\end{document}$, see Fig. [7](#Fig7){ref-type="fig"}, represented by its angular values. In both cases the ground truth can be seen in Fig. [7](#Fig7){ref-type="fig"}a, f. We added Gaussian white noise with $\documentclass[12pt]{minimal}
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                \begin{document}$$\texttt {imnoise}$$\end{document}$. The noisy images can be seen in Fig. [7](#Fig7){ref-type="fig"}b, g. The region *D* consists of the nine red squares in Fig. [7](#Fig7){ref-type="fig"}c, h.

The reconstructed data are shown in Fig. [7](#Fig7){ref-type="fig"}d, i.

For the two-colored image, we used as parameters $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon = 0.05$$\end{document}$. We see that the reconstructed edge appears sharp. The unknown squares, which are completely surrounded by one color, are inpainted perfectly. The blue and green color changed slightly.

As parameters for the three-colored image, we used $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon = 0.05$$\end{document}$. Here again the unknown regions lying entirely in one color are inpainted perfectly. The edges are preserved. Just the corner in the middle of the image is slightly smoothed.

In Fig. [7](#Fig7){ref-type="fig"}e, j the TV-reconstructed data are shown. The underlying algorithm (\[[@CR31]\]) uses the split Bregman method (see \[[@CR36]\]).

In Fig. [7](#Fig7){ref-type="fig"}e the edge is not completely sharp. There are some lighter parts on the blue side. This can be caused by the fact that the unknown domain in this area is not exactly symmetric with respect to the edge. This is also the case in Fig. [7](#Fig7){ref-type="fig"}j where we observe the same effect. Unknown squares lying entirely in one color are perfectly inpainted.

Hue Inpainting {#Sec23}
--------------

As a last example, we consider again the hue component of the image "fruits", see Fig. [8](#Fig8){ref-type="fig"}a. The unknown region *D* is the string $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\varepsilon = 0.006$$\end{document}$. We get the reconstructed image shown in Fig. [8](#Fig8){ref-type="fig"}c. The edges are preserved and the unknown area is restored quite well. This can be also observed in the TV-reconstructed image in Fig. [8](#Fig8){ref-type="fig"}d, using again the split Bregman method as before, cf. \[[@CR31]\].

Conclusion {#Sec24}
----------

In this paper we developed a functional for regularization of functions with values in a set of vectors. The regularization functional is a derivative-free, nonlocal term, which is based on a characterization of Sobolev spaces of *intensity data* derived by Bourgain, Brézis, Mironescu and Dávila. Our objective has been to extend their double integral functionals in a natural way to functions with values in a set of vectors, in particular functions with values on an embedded manifold. These new integral representations are used for regularization on a subset of the (fractional) Sobolev space $\documentclass[12pt]{minimal}
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                \begin{document}$$BV(\Omega , {\mathbb {R}}^M)$$\end{document}$, respectively. We presented numerical results for denoising of artificial InSAR data as well as an example of inpainting. Moreover, several conjectures are at hand on relations between double metric integral regularization functionals and single integral representations.
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